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Monte Carlo/ =

oailelETE5 U x: 1m0
(e.g. QCD: gluon and fermion filed)
7 = / dxP(x)
P(x): DRI P(x) = e 5@

Y)IEE DI E

dxO(x)P(x 5
<O> — f fd:U(P)(:U)( ) Bl . 1 XThERD

Monte Carlo simulation(Importance sampling) Y = P(x)

(O) ~ Zom)
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Sign problem in (lattice) QCD
Euclidean QCD partition function
o / DA[det (7, Dy + Mg + prya)| ¥ e

1
SyMm = /d4$ZGEvGZV € R : pure gluonic (Yang-Mills) action = e~ °YM > ()

- 1 = 0 (for example, finite-temperature lattice QCD)
det(y,D, +mq) € R
= [det(y,D, +mq)]N* >0 witheven N;

On the lattice, importance sampling (Monte Carlo method) can be done
using the probability distribution [det(v,D,, +mq + pya)]¥ e 5™ >0,

- #0 (peER)
det(v,D,, +mq+ pys) € C

[det(y, Dy + mq + pa)]¥ e *"™ cannot be regarded as a probability distribution.
Thus the Monte Carlo method is not applicable in general.

“FEME" BFSRE, ERMUERE)
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Many proposed methods to solve(avoid) the sign problem
Proposed methods Based on
—_— [Taylor expansion method]
Canonical approach
Reweighting method Monte Carlo method
—_— [with imaginary chemical potential]
SU(2),. Qcb
EH 5 HEEE (small p) Lefschetz thimble decomposition
TLAESES LG LS, Couchy’
e Holomorphic gradient flow method Cauehy s
integral formula
1IE L < [&small w/T
path optimization method
Complex Langevin method Stochastic quantization

and so on
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From talk by Philip De Forcrand @ NFQCD2018

Taylor expansion: nitty-gritty

8° In det M _,0%°M _1OM &M
— = (M — | 6w | M —MT—

opub op Op>

M 9*M L, 83m L 8%m
—15tr | M M - 10t |\ M —M " —
o2 ot op3 o p3

- - 3
. [M_ldM 1 OM oM 83M))
\ dp ap O 6‘,[;:3}
L OM M 8%M a°M
—180tr | M
op ap 8;_1,2 8;;:2
- 52 52
oon (M_ldM M OM D M\
\ a2 op :9;.1,2)
laM y—12M _1OM _, OM _10*M
+360tr | M —M M M
op op ap o2

IBM y—1 oM _,oM _, oM 4 M —19M oM
—120tr | M M M M -—M )
o ap o (e T8 d;.,r,

Now estimate all Traces by sandwiching between noise vectors... GPUs



From talk by Patrick Steinbrecher (HotQCD Collaboration) @QM2018

Quantum Chromodynamics
from first principles

#configurations

m¢/m=27, NT=1

= Lattice QCD 1M |
- HISQ action
« N, =4N-
= sim.atp=0 100k

= physical quarks
= 2 light quarks
- 1 strange quark

- ms/my =27 135 145 155 165 175
T [MeV]

everything continuum
extrapolated

{ 2R DB YBREICSEVWITIA—XtEy P TEBETEIFEZLELICL ]

10k

= M, >~ 138 MeV




From talk by Patrick Steinbrecher (HotQCD Collaboration) @QM2018

subtracted condensate = disconnected susceptibility
Zsub = Cp)'r: AN . 5 8251&3/&% Xdisc - C.r)’; AN : X aXdisc/fé
f4 = Z H,MB W|th Cn = W f4 = Z HIUB W|th Cﬂ = W
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0 T T T T T 30 T T T T T
c5/2 mg/m=27, N=12 = | T de/dT mgm=27, N.=12 @ |
-0_2—_ 8 m o0 | 6 O |
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From talk by Patrick Steinbrecher (HotQCD Collaboration) @QM2018

The curvature of the crossover line

Te(ue) _y ., (18" _,, (“e 4+o(ﬁ)
o 2\ T “\ To HB

= TJaylor expansion in ;. and T of:

d Xdisc( T P:'B)

_ 2 4 —0
4 = (g + (- ug+ - =
drl fi
0.025 . . . . .
= has to be zero order by order 0.2 | ns=0, ng/ng=0.4, mym;=27
0.015 | T } 1
dcy 001 | - 1
Ty =% —2cCy - o
K 1 0T (70,0) 2 |(T0"0) 0.005 | s g
2 = 2 |
275 7% di | J
or (70.0) 0.005 | :
' 1/N?
-0.01 B

0 0.005 0.01 0.015 0.02 0.025 0.03 0.035
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From talk by Patrick Steinbrecher (HotQCD Collaboration) @QM2018

The QCD crossover Iine STAR: arxiv:1701.07065

ALICE: arxiv:1408.6403

170 T | ! | ! | ! | ' | ! | ! | ! |

- T [MeV] crossover line: O(ug)
165 constant: £

I g
160 freeze-out: STAR @

8 v
e | ALICE
150 B - 1 |_._| ]
145 1 n
140 ‘ ng=0, Nng/ng=0.4 -
135 _

[ pg [MeV] I
130 L | L | L | L | 1 | L | L | L |

0 50 100 150 200 250 300 350 400

- Crossover along const. entropy density and energy density
* Chemical freeze-out might be close to crossover



QCD critical point search by Taylor expansion method
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From talk by Patrick Steinbrecher (HotQCD Collaboration) @QM2018

Baryon-number fluctuations ~- along T.(;:g)

12
-0p(Tc(1p).p)/op(Tp,0) - 1
. |
0.8 O(up ng=0, ng/ng=0.4 .
I 2
06 ©OWB = :

HRG -

0.4

0.2 .
O |
O 2 | . 1 . l\lB [MeV]| . 1 . 1 .
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May 16, 2018 Patrick Steinbrecher Slide 19
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From talk by Patrick Steinbrecher (HotQCD Collaboration) @QM2018

Susceptibility fluctuations ~- along T.(ug)

—— 100
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From talk by Patrick Steinbrecher (HotQCD Collaboration) @QM2018

The QCD crossover Iine STAR: arxiv:1701.07065

ALICE: arxiv:1408.6403
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by mathematica
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Many proposed methods to solve(avoid) the sign problem
Proposed methods Based on
—_— [Taylor expansion method]
Canonical approach
Reweighting method Monte Carlo method
—_— [with imaginary chemical potential]
SU(2),. Qcb
EH 5 HEEE (small p) Lefschetz thimble decomposition
TLAESES LG LS, Couchy’
e Holomorphic gradient flow method Cauehy s
integral formula
1IE L < [&small w/T
path optimization method
Complex Langevin method Stochastic quantization

and so on



2L =F T > 3 v JL(imaginary chemical potential)
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2L =F T > 3 v JL(imaginary chemical potential)
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From talk by Attila Pasztor (Wuppertal-Budapest) @(QM2018. arXiv:1805.04445
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Figure 2. Results for x¥, x¥, 7 and an estimate for yZ as functions of the temperature, obtained
from the single-temperature analysis. We plot x¥ in green to point out that its determination is
guided by a prior, which is linked to the xf observable by Eq. (3.4). The red curve in each panel
corresponds to the Hadron Resonance Gas (HRG) model result.



From talk by Volodymyr Vovchenko @QM2018
TaylorEBE E & REBILERT > v ILED—
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From talk by Volodymyr Vovchenko @QM2018

Cluster Expansion Model (CEM)

Model formulation:

* Fugacity expansion for baryon number density

T.u
'OB(T'S’UB) =\2(T.ug) Z b(T) sinh(kug/T)
* by(T) and b, (T) are model input
k—1
* All higher order coefficients are predicted: by (T) = a}° {zQE Hk_:z

Physical picture: Hadron gas with repulsion at moderate T,
“weakly” interacting quarks and gluons at high T

Resummed analytic form:

pe(T,1g) 2 B2 . . . .
. {4 [Lix(xp) — Lin ()] + 3[Lis () — Lis(x)]
" b1 2(T) by T
b1.2 = ' ) X:l: — —= € 'UJB// ’ I—IS
' b3E by Z ks 8/17



From talk by Volodymyr Vovchenko @ QM2018

CEM: Baryon number susceptibility

2 b?
B o by 2T+ VY , vk
X K (T,,(LB) = 272 Bz {471’ [ng_k(X_;_) + ( 1) ng_k(X_)} +3 [LI4_k(X+) -|—( 1) LI4_k(X_)]}
B
X2
0.35 —r
- [ LQCD (HotQCD)
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[ x CEM-LQCD
0251 - - -CEM-HRG
0.20F
0.15F
0.10}
005 B “EI - 0

000 1 L L L Il L L L 1 L L L 1
100 120 140 160 180 200 220 240
T [MeV]
Lattice data from 1112.4416 (Wuppertal-Budapest), 1701.04325 (HotQCD)

Model inputs used:
* CEM-LQCD: b4(T) and b,(T) from LQCD simulations at imaginary g
* CEM-HRG:  by(T) and b,(T) from excluded-volume HRG 9/17



From talk by Volodymyr Vovchenko @QM2018

CEM: Higher-order susceptibilities
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141 I LQCD (HotQCD) 1 3 - LQCD (HotQCD prelim., N, = 8) |
12l ! IE:CEI(I‘?AE)Lg\éUE? pertal-Budapest) | . * LQCD (Wuppertal-Budapest)
' - - -CEM-HRG 12t * CEM-LQCD
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Lattice data from 1805.04445 (Wuppertal-Budapest), 1701.04325 & 1708.04897 (HotQCD)

Lattice data on higher-order susceptibilities validate CEM

10/17



From talk by Volodymyr Vovchenko @QM2018

CEM: Higher-order susceptibilities
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Preliminary lattice estimate from 1805.04445 (Wuppertal-Budapest)

To be verified by future lattice data

Cluster expansion model (CEM) combines hadron gas with deconfinement and
is consistent with presently available lattice data, both at u=0 and imaginary uB
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Time evolution of the phase diagram of QCD

AN

Cabibbo & Parisi, 1975
“little bang”

1y

- Y

\

2020

“no bang at all” ?
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Many proposed methods to solve(avoid) t

Proposed methods

e sign problem

Based on

—— Taylor expansion method

Canonical approach

Reweighting method

Monte Carlo method

— with imaginary chemical potential

SU(2),. Qcb

@fschetz thimble decomposition\

Holomorphic gradient flow method

ITERMYICTER L TL L
fﬁé;ﬁ’c g”;mgﬁ%ﬁhfgii path optimization method

Cauchy’s
integral formula

@mplex Langevin method

Stochastic quantization

and so on
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Proposed methods

e sign problem

Based on

—— Taylor expansion method

Canonical approach

Reweighting method

Monte Carlo method

NV
M, — with imaginary chemical potential

2018
SU(2),. Qcb

\

@fschetz thimble decomposition

Holomorphic gradient flow method
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Stochastic quantization
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Cauchy’s integration theorem: We can deform integration path.

(because usual e~ ReS exponentially damp at infinity)

c

Y : Arbitrary deformed
integration path

f Complexify variable € R — 2z € C

Real axis = Original integration path

"

— OO

h The sign problem (or oscillation)
d —S(z) of integrand are different,
<€ but the values of the integrals
8% are same.

J

dre @) =

[ Question: What is the “best” contour 7Y ? ]




\

“best” contour 7Y DEAE

Integration path sign problem itself elgodicity model space of 7
Original path = Real axis X O
Lefschetz thimble
F. Pham (1983), E.Witten (2010) © X
Generalized Lefschetz thimble
Alexandru, et al. (2016). O O O
Path optimization method O O O(No Ansatz)

Yuto Mori, Kouji Kashiwa, Akira Ohnishi (2017).

T

J2 |£

Z1 : fixed point

Lefschetz thimble

flow

I
I
holomorphic] |
: Generalized Lefschetz thimble

Real axis

X% 52 [R (X reweighting method & fEA G HE TE D
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Complex Langevin method

G. Parisi, Phys. Lett. B131, 393 (1983).
J. R. Klauder, J. Stat. Phys. 39, 53 (1985).
J. Ambjorn and S. K. Yang, Phys. Lett. B165, 140 (1985).

Consider a theory with complex action S(x) and real variable x

Z:/dxe_s(”:) ’ reR, S(x)eC

Replace the real variable x with complex variable z;

reER—2eC

Introduce a fictitious time t and suppose that the variable z satisfies the Langevin eq;

dz  95(z) (n(t)) =0 7):real Gaussian noise

dt 0z " <77(t)77(tl)> = 20(t — t’) {...):noise average

Noise average of an observable agrees with the quantum average at infinite fictitious time?;

(O(z(t))) 1) %/d:{: Oe @) (t = o)

reR, S(z)eR ORFIZEELWEATBRINTWLS



Complex Langevin method

[(O(z(t))) A % / dz O(z)e=5@ (¢ = oo)}

Q. Is stochastic quantization correct even with complex action?

A. It depends. Sometimes, complex Langevin method gives the incorrect result.

Some criteria for correctness of the complex Langevin dynamics are proposed.

* Many(infinite) identities to be checked

G. Aarts, E. Seiler, and I.-O. Stamatescu, Phys.Rev. D81, 054508 (2010).
Improve G. Aarts, F. A. James, E. Seiler, and 1.-0. Stamatescu, Eur.Phys.). C71, 1756 (2011).

- Reliability test by the probability distribution of the drift term of the complex Langevin eq.

J. Nishimura and S. Shimasaki, Phys. Rev. D92, 011501 (2015).
K. Nagata, J. Nishimura, S. Shimasaki, Phys. Rev. D94, 114515 (2016).

dz 05(z)

Complex Langevin equation: — = — +7n

0z

Drift term D(z)
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Complex Langevin method 7 1E

K. Nagata, J. Nishimura, S. Shimasaki, Phys. Rev. D94, 114515 (2016).

Distribution of Drift exponentially damps

1x107

1x10° |
~— 100000 | '
= Complex Langevin method works well. % 10000 }|
(correct convergence) = ‘:’ZZ |
10 1
1 5 1‘0 15 éO 25
D
. 1x108
Not exponentially damps s
~— 10000
= Complex Langevin method does not work. S o
Q
(wrong convergence) 100
10
1 0 20 40 60 80 100 120
ID|
. . dz 05(z)
Complex Langevin equation: — — — 5 n
%

Drift term D(z)




Complex Langevin method D45/

RFAT - 5TE 3 X kHAYME L (Algorithm B & IZMonte Carlo & 778 V) ST LN 3)
- p/TZ1THER 25 (EXARWVERIZEFICEN)
(‘ELWAEI NS THEHEIZINET D)

(g - RENBHD (/T TRES & WRSHL) A
- — RIS EE CTErTED D £ < LA < KB DN
ZOLBWVWEFHbH T bl
- complex Langevin method D 1IE H % LR L BBR TIZEERA I N T L 78 Ly
_ (EBZ2ERICIZoKA D L) y

REIXFAMEVNEDL L, QCDICHEBRENTWLDS
* Swansea university group
* KEK group (Yuta Ito, Hideo Matsufuru, Kanto Moritake, Jun Nishimura,
Shinji Shimasaki, Asato Tsuchiya, Shoichiro Tsutsui)
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From talk by Shoichiro Tsutsui @ NFQCD2018

Setup: low temperature region

N¢ = 4, staggered fermion

Lattice size: 8° X 16 of) 4% x 8 results in J. Nishimura’s talk
B=57
ua=0.0-0.5

Quark mass: ma = 0.01, 0.05
Langevin steps = 10° = 10°
Computational resource: K computer

We compare the results with the RHMC results of the phase
quenched (PQ) simulation.



From talk by Shoichiro Tsutsui @ NFQCD2018

Comparison with PQ simulation

m = 0.05

0.025 : : ] . |

CLM —e—

PQ -
0.02 |- i
0.015 |- i

<n>

0.01 | Matter phase
0.005 -  Hadron phase i _

0l.4 01.5 (3.6 U

Qualitative difference is not observed — due to too heavy pion?

6/5/2018 NFQCD 2018 @ YITP, Kyoto 14



From talk by Shoichiro Tsutsui @ NFQCD2018

Comparison with PQ simulation
m = 0.01

0.025 T T T !
CLM —5—i

PQ S

0.02 - @j -

0.015 | WE’@/ ]

0.01 |- [ ¥ .
0.005 |- R S .
0 : — ¥ : ' “
0 0.1 0.2 0.3 0.4 0.5 0.6
H

NFQCD 2018 @ YITP, Kyoto



From talk by Shoichiro Tsutsui @ NFQCD2018

m = 0.01 vs 0.05 (u<0.3)

0.025 LM —e—
PQ+ =
PQ 0.02 m=o_05 , ]
As m=0.05 — 0.01, et "
critical chemical potential '
lowers.

1 L =
0 0.1 0.z u.s 0.4 0.5 0.6

CL 0.025 , . : .

- . =
Region where the singular )
drift problem occurs P
depends on mass. Y



From talk by Shoichiro Tsutsui @ NFQCD2018

m =0.01 vs 0.05 (u>0.3)

PQ 0.025 Clﬁg : )
<n> (~ pion density) is %2 Im=0.05 ,
sensitive to the change of o "
mass. (finite size effectmay * | '
arise)

CL Olﬁ_. .ol.s o|.4 0|.5 5.6
<n> (= baryon number 0025 [
density) is not sensitive. e 0.0 !
CLM succeeded to take into 7 .|

account the complex phase

of the fermion determinant.
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Proposed methods

Based on

Disadvantage

Taylor expansion method

EFICHES
Canonical approach EFEIZTE S
Reweighting method Monte Carlo method FEFTEIX MK
with imaginary chemical potential ERICFES
SU(2). acp ZHZHQacebl » &y

Lefschetz thimble decomposition

Holomorphic gradient flow method

path optimization method

Cauchy’s
integral formula

elgodicity, global sign problem

sTE O X F K. global sign problem

STE O X MK 7?7, global sign problem

Complex Langevin method

Stochastic quantization

EARRICHEE NS F

:

INnH o L ZNL ETaylor BFH D &R DIREULK D o Nx LD T,
EBRAICEOLGWH OB LGAEZEZIRITNITLSE W, mryzs.




